In this paper we consider first-passage percolation models on Voronoi tilings of the plane and present a sufficient condition for the compactness of the limit set. This result is based on a static renormalization technique and also provide an inequality involving critical probabilities for bond percolation models.
Introduction
First-passage percolation theory was presented by Hammersley and Welsh (1965) to model the spread of a fluid through a porous medium. The medium is modeled by a graph G := (V , E ) and each edge e ∈ E is independently assigned a nonnegative random variable τ e from a common distribution F, that represents the passage time of a fluid through the edge e. The passage time t(γ) of a path γ in G is the sum of the passage times of the edges in γ. The first-passage time between two vertices is defined by
where Γ(v, v ′ ) the set of all paths between v and v ′ . T may be regard as a pseudo metric on G: it is symmetric and satisfies the triangle inequality. The growth process B v (t) is defined by
and it is one of a variety of physically interesting models of growing interfaces (Krug and Spohn 1991) .
Despite most of the physical motivations present a topologically random network, the mathematical theory has been develop for Z d lattices with nearest neighbor edges. In this paper, we continue a study of planar FPP models on random Voronoi tilings initiated by Vahidi-Asl and Wierman (1990) . In such a model the vertex set V is the set of points realized in a two-dimensional homogeneous Poisson point process with intensity 1. To each vertex v corresponds a polygonal region C v , the Voronoi tile at v, consisting of the set of points of R 2 which are closer to v than to any other v ′ ∈ V . The edge set E consist of non oriented pairs (v, v ′ ) such that C v and C v ′ share a one-dimensional edge (see Figure  1 ). One can see that (with probability one) each Voronoi tile is a convex and bounded polygon, and the graph G := (V , E ) is a triangulation of the plane which is called the Delaunay triangulation (see Moller 1991) . The dual graph G * := (V * , E * ), the Voronoi tessellation, is defined by taking the vertex set V * as the set of vertices of the Voronoi tiles and the edge set E * as the set of edges of the Voronoi tiles. The edges of G * are segments of the perpendicular bisectors of the edges of G and this establishes duality of G and G * as planar graphs. We assume that the passage time distribution F is independent of the Poisson process V . The probability space that defines our model is denoted by (Ω, F , P), where the graph G and the collection {τ e ; e ∈ E } are functions of ω ∈ Ω. To extend the first-passage time T to x, y ∈ R 2 we define T (x, y)
where v x is the P-a.s. unique vertex with x ∈ C vx . We also define the growth process B x (t) := B vx (t) and it s fattened version B x (t) by the union of the Voronoi tiles C v over all v ∈ B x (t).
A relevant property of this first-passage percolation model is the Euclidean invariance of the law of T : for every rigid motion S of the plane the law of T (x, y) is equal to the law of T (S(x), S(y)). The fundamental result of this model was proven by Vahidi-Asl and Wierman (1990) and consists of the following. Let τ 1 , τ 2 , τ 3 be independent random variables with distribution F. If E min j=1,2,3 {τ j } < ∞ then for all unit vector x ∈ S 1 (| x| = 1) P-a.s.
where e 1 = (1, 0). It was also proved by them (Vahidi-Asl and Wierman 1992) that if E min j=1,2,3 {τ j } 2 < ∞ and µ(F) > 0 then for all ǫ ∈ (0, 1), P-a.s. there exists t 0 > 0 such that for all t > t 0
where D(r) := {x ∈ R 2 ; |x| ≤ r}. 
and
For Z d lattice FPP models Kesten (1986) proved that F(0) < p 1 (Z d ) is a sufficient (and also necessary) condition for µ(F) > 0 by using a stronger version of the BK-inequality. Here we follow a different method and apply a simple renormalization argument to obtain the following theorem.
The subsequent result is a corollary of Theorem 1 and Borel-Cantelli.
We would like to note that our condition to get (7) should be equivalent to F(0) < p 1 (G) since it is expected that p 1 (G) = p 2 (G) = p c (G) and p c (G) + p c (G * ) = 1 (duality) for many planar graphs. Notice also that Corollary 1 yields the inequality
since F(0) > p 1 (G) is a sufficient condition to have that µ(F) = 0. In fact, if F(0) > p 1 (G) then P-a.s. there exist an infinite cluster W composed by edges e with τ e = 0. Denote by T (0, W ) the first-passage time from 0 to W . Then for all t > T (0, W ) we have that B 0 (t) is an unbounded set which yields µ(F) = 0.
Proof
Consider the following construction of the probability space (Ω, F , P): let z 1 , z 2 , ... be a spiral ordering of Z 2 , and for each k ≥ 1 define
a collection of i.i.d. Poisson random variables with intensity 1;
a collection of independent random points in the plane so that U k,l has an uniform distribution in the square box B k ;
T k = {τ m,n k,l ; l ≥ 1, m ≥ k, n ≥ 1 and n > l whenever k = m}, a collection of i.i.d. non negative random variables with common distribution F (the passage time distribution). We also impose that all these collections are independent of each other.
To determine the vertex set V , at each square box B k we put N k points given by U k,1 , ..., U k,N k . This procedure determines a Poisson point process V from the collections N and U k with k ≥ 1. Given e ∈ E we know that there exist an unique pair (U k,l , U m,n ), where either m > k or m = k and n > l, so that e = (U k,l , U m,n ). Define τ e = τ m,n k,l . For each k ≥ 1 denote the probability space where N k , U k and T k are defined by (Ω k , F k , P k ). The probability space (Ω, F , P) is defined by the product space of (Ω k , F k , P k ) over k ≥ 1. 
We say that B (10)
For each L > 0, we can define the following auxiliary process
Note that Y L is a dependent site percolation model on the square lattice with parameter p L = P(B L z is a good box). The key step to apply the renormalization technique are the following claims.
Proof of Claim 1. Denote by F (B) the σ-algebra generated by the events that just depend on the knowledge of V (B) and {τ e ; e ∈ E (B)}. Then it is easy to see that
To prove (11) let Γ L z (B ). Now (11) follows from,
Notice that (12) is a consequence of the following: on the set H L z we have
To prove (13) note that, since we have a circuit of full boxes surrounding B 3L/2 z , the piece of the graph determined by the cells C v with C v ∩ B 3L/2 z = ∅ coincides with the piece of the graph structure determined by the cells
Heuristically, the circuit of full boxes isolates the graph structure inside B Now (11) implies that for all k ≥ 1, the random variables Y L z 1 ,..., Y L z k are independent whenever |z j − z n | 0 > 5 which yields Claim 2.
Proof of Claim 2. Firstly notice that
By the definition of a two-dimensional homogeneous Poisson point process for some constants C j > 0,
To prove that the second term in the right-hand side of (14) also converges to zero when L goes to infinity, let X e * := τ e , where e * is the dual edge of e. Then 
Since p > p 2 (G * ), by using (14), (15), (16) and the definition of p 2 (G * ), we obtain Claim 2.
To express the connection between the process Y L and the first-passage time T , we shall make another definition. 
l-distant circuits of good boxes surrounding the origin and lying inside [−n, n] 2 . Notice that every path γ between the origin and any point outside [−n, n] 2 must cross at least [M Y L [nL −1 ] (l + 1) −1 ] l-distant circuits of good boxes and, by the definition of a good box (recall that
Thus
Bernoulli random variables with parameter p sufficiently close to 1, then there exist C > 0 so that the probability of the event [M Y m < Cm] decays exponentially fast with m (see Chapter 3 of Grimmet 1999). Since Y L is 5-dependent (Claim 1), by using Claim 2 and (10), we can choose L 0 sufficiently large (but fixed) to ensure the existence of constants C j > 0 such that
Now if we choose C > 0 sufficiently small and apply (18) and (19) we obtain (7) .
For the general case, if F(0) = P(τ e = 0) < 1 − p 2 (G * ) then we can fix ǫ > 0 so that F(ǫ) < 1 − p 2 (G * ). Define the auxiliary process {τ ǫ e ; e ∈ E }, where τ ǫ e := 1 [τe>ǫ] . Thus, τ ǫ e has a Bernoulli distribution with parameter q ǫ = P(τ e > ǫ) > p 2 (G * ).
From the previous case (with Bernoulli passage times), if we denote by T ǫ the firstpassage time associated to the collection {τ ǫ e ; e ∈ E } and note that P(τ ǫ e = 0) = F(ǫ) < 1 − p 2 (G * ), we get P(T ǫ (0, n e 1 ) < C 1 n) ≤ C 2 exp(−C 3 n), (20) for some constants C j > 0. Notice that T ǫ (0, n e 1 ) ≤ T (0, n e 1 )/ǫ, and this together with (20) implies (7) .
Final remarks. Other passage times have been considered in the literature such as T (0, H n ), where H n is the hyperplane consisting of points x = (x 1 , x 2 ) so that x 1 = n, and T (0, ∂[−n, n] 2 ). Theorem 1 remains valid when T (0, n e 1 ) is replaced by T (0, H n ) or T (0, ∂[−n, n] 2 ) because (18) holds for these cases. We also point out that the same method can be applied for more general FPP models and the only thing that is required is the properties in Claims 1 and 2 (see for instance Pimentel 2004 where the author considers site versions of FPP models).
